INTRODUCTION
This Final Technical Report on DOE Grant DE-FG02-97ER25342 provides a concise summary of the major research and professional activities done under funding from thia grant. The complete details and explanations for each aspect of the completed results can be obtained by consulting my Annual Progress Reports and the publications listed in Appendices A, B, and C of this document.
RESEARCH PROGRAM
Much of modern science and technology depends upon the ability to obtain solutions to differential equations that arise in the modeling of various systems [l, 2, 31. In most instances the complexities of these equations do not permit the existence of analytic solutions that can be represented in terms of a finite number of the elementary functions [4] . Consequently, numerical integration methods must be used. An important technique to obtain numerical solutions is the application of finite-differences. However, an issue of great importance is the relationship between the numerical solutions and the actual (not known, a priori) analytical solutions to the differential equations. This leads the researcher to various questions related to local truncation errors, consistency, convergence, and stability [5, 6 , 71.
The major thrust of our research was to continue our investigations of so-called nonstandard finitedifference schemes as formulated by the PI [SI. These schemes do not follow the standard d e s used to model continuous differential equations by discrete difference equations. The two major aspects of this procedure consist of generalizing the definition of the discrete derivative and using a nonlocal model (on the computational grid or lattice) for nonlinear terms that may occur in the differential equations.
Our aim was to investigate the construction of nonstandard finite-difference schemes for several classes of ordinary and partial differential equations. These equations are simple enough to be tractable, yet, have enough complexity to be both mathematically and scientifically interesting. It should be noted that all of the equations studied model some physical phenomena under the appropriate set of experimental conditions. The major goal of this project was to better understand the process of constructing finite-difference models for differential equations. In partieular, we demonstrated the value of using nonstandard finite-difference procedures. A secondary goal was to construct and study a variety of analytical techniques that can be used to investigate the mathematical properties of the obtained difference equations. These mathematical procedures are of interest in their own right (91 and are a valuable contribution to the mathematics research literature on difference equations.
CENTRAL PRINCIPLES
The following is a concise summary of the central principles for constructing nonstandard finite difference schemes. The details for why a particular construction is done is given in my book [SI. Also, see references [13, 17,231 given in Appendix B.
* In general, derivatives must be modeled by discrete analogues that take the form where h = At; t k = hk, k = integer; xk is an approximation for x ( t c ) ; and the functions $(h) and +(h) have the properties
The functions $(h) and +(h) are called, respectively, the "numerator" and "denominator" functions.
* Nonlinear terms appearing in a differential equation generally are modeled by nonlocal discrete representations. For example, in the ODE
the z2 term is to be replaced by 
6 the u2 term has the discrete representation [8] where 5, = rn(As), t k = k(At), and uk is an approximation for u(Zm, t k ) . If the discrete schemes do not have the required properties of the associated differential equations, then numerical instabilities are certain to appear.
*

PHILOSOPHY OF RESEARCH PROGRAM
The major task of our research activities was not to construct the "best" possible finite difference scheme for a given system of differential equations, where "best" might be equations. The paper of Price et al. [lo] illustrates one possibility for achieving this goal.
SUMMARY OF MAJOR RESULTS
I
The In particular, [20] showed the major impact and difference between using "forward" and "backward" shifted discrete derivatives of the same order. In all cases, the central feature was to construct nonstandard schemes such that the usual numerical instabilities do not occur. 
is the radial equation for the Coulomb problem in nuclear physics. We have constructed the required asymptotic expansions and showed how to calculate the various parameters in this representation. In the near future, we will write a general review article on this new contribution to the subject of asymptotic solutions of second-order difference equations.
(Again, note that Eq. (2) is not of the standard form and thus none of the known theorems apply to it, especially for the case where fm is a polynomial function of m.) The references [l, 6, 7, 15, 27) contain our contributions to this topic.
IMPACT OF RESEARCH
To date, the research performed under this DOE Grant has led to the following outcomes:
* Achieved a better understanding of the construction process for finite-difference schemes for determining (some) of the conditions necessary for the genesis of numerical instabilities . . . 18.
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